We illustrate the force approach for describing colloidal particles trapped at fluid interfaces by deriving some new results. First, we compute the deformation of a droplet due to the electric field of such a charged particle and obtain that a possible logarithmically varying deformation has a vanishing amplitude in the limit of large droplet radii and is unlikely to explain certain recent experimental observations. Second, we derive a general stress-tensor formulation for interfacial deformations, exhibiting a useful analogy of the small deformation case with 2D electrostatics. Finally, we apply this analogy to compute the effective force between two particles trapped at a fluid interface and extend the validity of previous results into the regime where the interface deformation is not necessarily small everywhere. Through these applications we discuss the relationship between the force approach, which relies on the explicit condition of mechanical equilibrium, and the more frequently employed energy approach, which is based on the minimization of a free energy functional.
Introduction
Experimental evidence has been accumulated that electrically charged, µm-sized colloidal particles trapped at fluid interfaces can exhibit long-ranged attraction despite their like charges. [2] [3] [4] [5] [6] [7] [8] [9] The mechanisms leading to this attraction are not yet fully understood. An attraction mediated by the interface deformation has been considered, 6, [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] in analogy to the capillary force due to the weight of large floating particles. 20, 21 However, for the particles sizes used in the aforementioned experiments their weight is irrelevant. Instead, one is led to invoke electrostatic forces which act on the interface. This feature has triggered investigations of capillary deformation and capillary-induced forces beyond the well studied case of an interface simply under the effects of gravity and surface tension. These studies have relied exclusively on the energy approach based on the free energy of the system, computed as a parametric function of the positions of the particles by integrating out the interfacial degrees of freedom. In this manner, one obtains a "potential of mean force". Here we use as an alternative the force approach by applying the condition of mechanical equilibrium. Our analysis is based on the pressure field Π(r) (due to, e.g., electrostatic forces) acting on the interface between two fluid phases. In general, the condition that an arbitrary piece S of the interface is in mechanical equilibrium reads 15 S dA e n Π + γ ∂S dℓ e t × e n = 0,
where e n is the unit vector normal to the interface, e t is the unit vector tangent to the boundary ∂S (oriented such that e t × e n points towards the exterior of S), dA is the element of interface area, dℓ is the element of arclength along the contour ∂S, and γ is the (spatially homogeneous) surface tension of the interface. In Eq.
(1), the first term is the so-called bulk force exerted on the piece S by the pressure Π and the second one is the line force exerted at the contour and generated by the surface tension (also called capillary force). This equation is the starting point for the subsequent calculations. This force approach allows us to obtain new results and to derive previous ones more easily than within the energy approach. It was employed in Ref. 22 for the special case that gravity is the only relevant force and it was shown to give the same results as the energy approach if the deformation away from a flat interface is small. For an arbitrary pressure field acting on the interface, in Ref. 15 we applied the force approach to obtain the deformation of an otherwise flat interface far from the particles. In the following, we illustrate the force approach by deriving three new results. First, we compute the deformation of a spherical droplet due to the presence of a charged particle at its surface, generalizing the result obtained in Ref. 15 for a flat interface and correcting certain claims in the literature. Secondly, we are able to express the force exerted by the interface via a stress-tensor formulation, extending a recent result 23 to the most general case Π(r) = constant. This formulation also allows us to establish a useful analogy between two-dimensional electrostatics and the regime of small interface deformation. Finally, we use the stress-tensor formulation and the electrostatic analogy to study the interface-mediated effective force between colloidal particles trapped at a fluid interface and compare it with the result obtained within the energy approach.
Particle on a spherical droplet
We consider a charged spherical particle of radius R trapped at the interface of a droplet which resides on a plate (Fig. 1 ). This configuration is particularly relevant for the experiment described in Ref. 6 , where it is argued that a logarithmically varying deformation of the interface explains the observed long-ranged interparticle attraction. However, this possibility has been ruled out for the case that there are no external forces (mechanical isolation) and the undeformed interface is flat. [10] [11] [12] 15 Nonetheless, in Ref. 12 it has been suggested that curvature effects might give rise to such a logarithmic deformation. Here our goal is to compute the deformation of the droplet far from the particle. Moreover, the force approach has two advantages over the energy approach: (i) The result is more general because we have to assume only that the deformation is small far from the particle; the usual linear approximation is not required to hold also near the particle. (ii) The boundary condition "mechanical equilibrium of the particle" is incorporated easily irrespective of the details how 
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Figure 1: Charged colloidal particle (radius R) at the interface of a droplet sitting on a plate. Positions on the interface are parametrized by the polar angle ψ and the revolution angle ϕ. Without the colloidal particle the droplet has spherical shape with radius R d and normal vector e r . r = R d e r (ψ, ϕ) is a point at the unperturbed, spherical interface whereas r = r +u(ψ, ϕ)e r is a point at the perturbed, nonspherical interface. The perturbed interface intersects the plate for ψ = ψ 1 . Side view of a single electrically neutral and spherical particle at a planar fluid interface in equilibrium. The radius r 0 = R sin θ of the circular contact line follows from the equilibrium contact angle θ. If the interface were that of a large droplet (radius R d ≫ R, see Fig. 1 ), this expression would exhibit correction terms of order R/R d . In the same manner, the presence of charges would deform the interface and introduce corrections which in first order are proportional to the deformation. the particle is attached to the interface. It will turn out that the implementation of this condition has been the source of mistakes in the literature.
We apply Eq. (1) to the piece S(Ψ) of the curved interface bounded on one side by the particle-fluid contact line C 0 and on the other side by a circle given by the constant latitude Ψ, C(Ψ) := {ψ = Ψ ≤ ψ 1 }, so that ∂S = C 0 ∪ C(Ψ), and we assume that the particle is located at the apex opposite to the plate (Fig. 1) . The unperturbed state corresponds to an uncharged particle which does not exert a force on the interface, so that the equilibrium shape of the interface is spherical. In the presence of electric charges, the interface will deform. If the particle stays at the upper apex, also the deformed interface exhibits axial symmetry. We rewrite Eq. (1) in three steps.
(i) The pressure splits into
Here, R d is the radius of the unperturbed, spherical droplet, and 2γ/R d is the pressure jump at the interface in the unperturbed state. The dimensionless constant µ accounts for the change in hydrostatic pressure due to enforcing the condition of constant droplet volume against interface deformations. Π el (r) is the pressure field created by the electric field emanating from the particle which includes electric stresses and an osmotic pressure due to a possible discontinuity of the ion concentrations at the interface (see, e.g., Refs. 24,25); this field follows from solving the corresponding electrostatic problem. We write
where we have introduced the dimensionless electric force acting on the whole interface S men (which at the apex has a hole carved out),
Here r 0 = R sin θ, where θ is the equilibrium contact angle between the fluid phases and the particle; r 0 is actually the radius of the contact line of the uncharged particle at a planar interface (see Fig. 2 ).
(ii) Since the particle is in mechanical equilibrium, the contact line force must be balanced by the hydrostatic force F ∆p and the electric force F el acting on the particle, as well as by any other force F ext of external origin (e.g., an optical tweezer fixing the particle):
where we have introduced the dimensionless electric and external forces acting on the particle:
(iii) Finally, the following identity is a consequence of elementary considerations of hydrostatics because ∆p in Eq. (2) is spatially constant:
where A z (Ψ) is the projection onto the XY plane of the surface region ψ < Ψ, which includes both S(Ψ) and the particle. Thus Eq. (1) can be rewritten as
With the notation introduced in Fig. 1 , one has (the subscript denotes quantities evaluated at and operators acting in the undeformed spherical interface, i.e., in tangent planes of the undeformed interface):
where
and
With this notation, (8) can be simplified under the assumption that deviations of the actual droplet shape from the spherical one of radius R d are small in the distant region R/R d ≪ Ψ ≤ ψ < ψ 1 , so that the linearized approximation of the deformation is valid and terms quadratic in the quantities u, µ, and Π el (which vanish in the unperturbed state) can be omitted. 12 We emphasize that this condition does not exclude large deviations within the piece S(Ψ), in particular near the particle. Due to rotational symmetry, the vectorial Eq. (8) is independent of the angle ϕ and involves only vectors parallel to e z . One obtains the following ordinary differential equation for the function u(Ψ): 
the general solution is
where µ and the integration constant A can be determined by the boundary condition at the plate, i.e., ψ = ψ 1 , and the incompressibility condition of the droplet. 12 In the limit R d → ∞ at fixed r = R d ψ, one recovers the results of an unperturbed, planar interface. 15 We are particularly interested in the deformation given by Eq. (15) in the intermediate range R/R d ≪ ψ ≪ 1, i.e., far from the particle and from the plate. In this range, P (ψ) ∼ 1, Q(ψ) ∼ ln ψ + const., whereas Π el (ψ) will decay in general as ψ −n , implying S(ψ) ∼ ψ 2−n if n > 2. (One finds n = 6 in a realistic model assuming that the whole system has no net charge. 25 In the presence of a net charge, there is a monopolar electric field far from the particle. This interesting case is beyond the scope of the present analysis, the conclusions of which only hold if Π el (ψ) decays sufficiently fast.) Thus due to the behavior of Q(ψ) there may be a logarithmically varying asymptotic deformation with the amplitude given by r 0 e z · (ε ext + ε el − ε Π ).
We now consider the situation that there is no external field acting on the system. In this case ε ext = 0 and the electric forces ε el and ε Π are only due to the charge of the particle. The value of ε el −ε Π can be obtained by adapting the reasoning of Ref. 12 to the droplet geometry. The stress tensor in the fluid phase exterior to the droplet is given as − p 1 1 + T (1) el , where p 1 1 is the homogeneous, isotropic stress tensor far from the droplet and T (1) el is Maxwell's stress tensor due to the electric field (modified to include the possible osmotic pressure by mobile charges, see, e.g., Ref. 24). In the same manner, − (p 1 + ∆p)1 + T (2) el is the stress tensor in the interior of the droplet, where ∆p is given by Eq. (2) . With the notations introduced in Fig. 3 , the following equations hold: 
droplet Figure 3 : The surface S (1) (S (2) ) runs along the fluid interface (full line) and the particle (dot) such that it lies in the fluid phase exterior (interior) to the droplet. The surface S
(1)
plate ) is that part of the plate surface which is in contact with the fluid phase exterior (interior) to the droplet. The surface S L encloses the whole system "particle + fluid phases" at a macroscopic distance L → ∞ from the droplet. The surfaces are oriented to the exterior of the corresponding fluid volume which they enclose.
which express that the net force on the exterior fluid phase and on the interior one, respectively, vanishes in equilibrium. (The contribution to the integrals from the constant isotropic pressures p 1 and p 1 + ∆p is zero.) On the other hand, by definition one has
Combining this with Eqs. (16) leads to
where we have taken into account that the contribution of T
el over the surface S L vanishes in the limit L → ∞ because the electric field decays to zero far away from the droplet. That is, − (ε Π − ε el ) is actually the (dimensionless) electric force acting on the plate. The calculation of this integral requires to solve the corresponding electrostatic problem. However, on dimensional grounds one can obtain the estimate 26 |ε Π − ε el | ∼ |ε Π |(r 0 /R d ) n−2 . For an asymptotically planar interface, the logarithmically varying deformation due to nonzero values of |ε Π −ε el | leads to a long-ranged effective attraction (see Sec. 4), which is the reason that this mechanism has been invoked to be responsible for the apparent attraction reported in Ref. 6 . If this were the explanation, the measurements in this experiment would imply a value 12 |ε Π − ε el | ∼ 10 −3 . On the other hand, the theoretical estimate yields |ε Π − ε el | ∼ 10 −6 |ε Π | with n = 6, so that the experimental results would require |ε Π | ∼ 10 3 . This large value is unlikely for realistic surface charge densities. 12, 13 This result corrects the suggestion made in Ref. 12 that |ε Π − ε el | ∼ (r 0 /R d ) 2 , inferred from a not applicable force balance condition. Indeed, if the deformation is small also at the contact line, the condition "mechanical equilibrium of the particle" can be derived from Eq. (13) and with an expansion in terms of
The second term, which is subdominant in the limit R d → ∞, is missing in Eq. (B8) of Ref.
12. We have cross-checked this corrected expression by deriving it also within the energy approach employed in Ref. 12 , which turns out to be algebraically much more cumbersome.
In conclusion, there persists a logarithmically varying deformation with an amplitude which is very small in the limit R d → ∞; this is actually a finite-size effect intrinsic to the geometry of the set-up and absent for a flat interface. However, it has the same physical origin as any logarithmically varying deformation of a flat interface, namely, that the system "particle + fluid interface" cannot be mechanically isolated in the configuration of a droplet residing on a solid plate. In the absence of the plate one has ε Π − ε el = 0 due to Eq. (18) because S (1) plate and S (2) plate are not there and the logarithmic dependence in the range ψ ≪ 1 disappears. This conclusion corrects a recent claim of the opposite in Ref. 27 ; the details, which pinpoint the errors in Ref. 27, will be published elsewhere, 28 incidentally providing, within the energy approach, a further confirmation of our conclusion above.
Stress-tensor formulation and electrostatic analogy
We rewrite Eq. (1) as
with T(r) = − γ1(r), where 1(r ∈ S) is the 2D identity tensor on the tangent plane of S at each point r. We recall that e t × e n is a vector tangent to the surface S but normal to the contour ∂S and pointing outwards. This allows one to reinterpret Eq. (19) as the definition of the stress tensor T, the flux of which through a boundary is the bulk force (i.e., as opposed to the line force, as defined after Eq. (1)) acting on the piece of interface enclosed by that boundary. In dyadic notation one has (summation over repeated indices is implied)
where {e 1 , e 2 } is a local basis, tangent at each point of the surface S, and g ab = e a · e b is the induced metric. In this form, we have the same stress tensor as the one derived in Ref. 23 using methods of differential geometry within the energy approach and for the restricted case Π(r) = constant. Within the force approach, however, we have been able to derive the stress tensor for an arbitrary pressure field Π(r). Application of Gauss' theorem to Eq. (19) in the surface S provides∇
where∇ is the covariant derivative acting in the arbitrarily curved interface. This equality is the Young-Laplace equation of capillarity (∇·T is actually proportional to the mean curvature of the interface 23 ), and it represents the local version of the global condition of mechanical equilibrium given in Eq. (1).
An analogy with 2D electrostatics emerges by considering small deformations from a flat interface, corresponding to the generic experimental set-up, that is, a situation like in Fig. 2 but with a charged particle 2,3,5,7-9,29 or a nonspherical particle, 4, 30 so that the interface is deformed by the electric field or by the nonplanar contact line, respectively. To this end, we identify the flat interface with the XY -plane, rewrite Eq. (19) by using Eqs. (9) in the limit R d → ∞, denote the projection of any piece of interface S onto the XY -plane as S , and introduce the unit vector n normal to the contour ∂S and pointing outwards. With this, to linear order in the deformation, Eq. (19) has only a component in the direction of e z :
This implies the linearized Young-Laplace equation,
To second order in the deformation, Eq. (19) has only components in the XY -plane:
is a stress tensor defined in the XY -plane. We remark that Eq. (22c) also implies Eq. (22b) after applying Gauss' theorem, demonstrating consistency. The form of Eq. (22b) allows us to identify u with an electrostatic potential φ (and −∇ u with an electric field E), Π with a charge density ρ ("capillary charge" 31 ), and γ with a permittivity ǫ. 32 The boundary conditions usually imposed on u at a contour C have a close electrostatic analogy, too (see Fig. 4 for the notation): (i) The potential is given at C . ↔ The interface is pinned at the contour at a height z(r ):
(ii) The normal component of the electric field is given at C . ↔ The contact angle θ(r ) is specified at each point of the contour:
This means that the equivalence with the corresponding electrostatic analogy is exact concerning the relationship between the deformation field u(r ) and its sources (i.e., the pressure field Π and the boundary conditions). On the other hand, if the analogy would hold in full, T defined in Eq. (22d) would correspond to Maxwell's stress tensor so that the analogy would carry over to the elastic forces in the XY -plane ("lateral capillary forces") arising from interfacial deformation. But this is only almost true: due to the equilibrium condition in Eq. (1), the capillary force exerted at the border of a piece of interface is minus the bulk force (which has been identified as the electric force). Thus the analogy holds if one reverses the forces and the peculiarity arises that "capillary charges" will attract (repel) when they have equal (different) sign. Clearly, the origin of this peculiarity is that Eq. (19), which was The thin horizontal line is the section of S (i.e., the flat, unperturbed interface), while the dash-dotted line is the section of the actual interface S, which can be approximated locally by the tangent forming an angle θ (contact angle) with the solid boundary. The latter is the full thick line, which looks locally like a straight line, in general inclined by an angle ω with respect to the vertical (dotted line). The height of the interface at contact entering into the boundary condition (24) is z := z(r ). The boundary condition (24) expresses the slope of the interface at contact with α := θ + ω.
reinterpreted in the spirit of electrostatics as a definition of T, is actually a relationship between two physically different kinds of forces, namely, the bulk force and the line force. As a consequence, also the free energy of the interface (meniscus free energy) has a reversed sign: the free energy of such a piece of interface is (see, e.g., Ref. 12)
which can be expressed (see Eq. (22b)) as
(Because in two dimensions the electrostatic potential varies logarithmically, keeping track of all boundaries is necessary in general in order to have a well-defined, finite energy.) We note that the electrostatic analogy holds everywhere where the deformation of the interface is small, even if there are other regions of the interface where this is not true. Such "nonlinear patches" can be surrounded by contours where the deformation is small, so that the values of the field u and of its derivatives at these contours play the role of a boundary condition for the "linear patches". This means that the "nonlinear patches" are replaced by a distribution of virtual "capillary charges" inside the corresponding regions. In particular, there is a simple physical meaning associated with the total "capillary charge" and the total "capillary dipole". The "capillary charge" Q of a piece of interface bounded by a contour C is given by Gauss' theorem solely in terms of the value of the deformation at the contour (see Eq. (22a)):
The right hand side of this equation is minus the capillary force exerted on the piece of interface in the Z-direction. This implies that in terms of the bulk force F bulk and by virtue of the condition of mechanical equilibrium one has
This holds even if the deformation in the bulk (i.e., inside the contour C) is not small. In the same manner, it can be shown (see Appendix) that the total "capillary dipole" P (with respect to the origin of the coordinate system) and the torque M bulk (with respect to the same origin) exerted by the bulk force are related via
The electrostatic analogy provides an easy visualization of small interfacial deformations and ensuing forces in terms of a 2D electrostatic problem. We note that in Ref. 33 such an analogy is also established, but between the capillary interaction and the 3D electrostatic problem (DLVO theory) with the same 3D geometrical set-up. As a side remark, if gravity (or a disjoining pressure by a substrate) is relevant, it contributes a pressure field which depends explicitly on the deformation field: Π grav = −γu/λ 2 with the capillary length λ. 19 This replaces Eq. (22b) by a different equation which is formally equivalent to the field equation of the Debye-Hückel theory of dilute electrolytes with λ playing the role of the Debye length. This suggests that an extension of the electrostatic analogy to this case is possible, but this task is beyond the scope of the present work. The left half S of the full interface is bounded by the particleinterface contact line C 0 (generically noncircular), the oriented projection of which onto the XY -plane is C 0, , and a contour C, the oriented projection C of which consists of a piece of the Y -axis and a circle of radius L → ∞. The origin of the coordinate system is located at the midpoint O. The unit vector n is normal to the contour and directed towards the exterior of S.
Effective interparticle forces
The capillary deformation may give rise to an effective attraction between two identical particles trapped at the interface which could explain certain experimental observations. We compute this force using the stress-tensor formulation and the electrostatic analogy derived above. The study of this issue will also clarify the relationship between the force and the energy approaches as well as the respective advantages and disadvantages. We consider the equilibrium configuration of two charged particles at an asymptotically flat interface (see Fig. 5 ). The total capillary force F total acting on the piece S and the enclosed particle is
We are actually interested in the lateral force F , i.e., the component of F total in the XYplane. If the particle separation d is large enough, we can assume that the deformation of the interface at (but not necessarily inside) the contour C, which is the outer part of ∂S (compare Fig. 5 ) is small, which allows one to write
If Π(r) decays faster than 1/r 2 for r → ∞ (which is the case if the pressure Π originates from the electric charge of the particles), the field ∇ u decays at least ∼ 1/r , as follows directly from the electrostatic analogy. Then the definition in Eq. (22d) implies that the contribution from the arc of C at infinity vanishes and Eq. (31) reduces to
because at x = 0 one has n = e x and ∂u/∂x = 0 by symmetry (see Fig. 5 ). We identify this expression with a capillary-induced effective force between the particles, which is attractive regardless of the functional form of u(x, y), and hence of Π(r).
One can evaluate the integral in Eq. (32) by applying the electrostatic analogy. To this end one needs the "electric field" ∂u/∂y in a region far from both particles (because d → ∞), so that one can try to estimate u by a multipole expansion (which carries the implicit assumption that the main source of the deformation field is concentrated at or near the particles). We write u = u L + u R , where u L (u R ) is the deformation field created by the left (right) half plane, which behaves asymptotically like
Here, r L = r + e x d/2 is the position of a point relative to the center of the left particle, ζ is a fixed length determined by the boundary conditions and setting the zero of the "electrostatic potential" u L , and Q s is given in terms of the s-th multipolar "capillary charge", which behaves like
The asymptotically subdominant correction term δu L in Eq. (33) accounts for the fact that the "capillary charge" does not have a compact support (i.e., far from the particles the pressure field Π is expected to vanish asymptotically rather than becoming exactly zero beyond some distance): if Π(r → ∞) ∼ r −n (actually n = 6 in realistic models 29,34,35 ), one has ν < n − 2 which reflects the fact that according to Eq. (34) higher-order multipolar charges are divergent. The leading term in the multipolar expansion is determined by the "capillary monopole" Q 0 . From Eq. (28) one finds
in terms of the dimensionless pressure force ε Π defined in Eq. (4) and the dimensionless force ε el + ε ext acting on each particle as defined in Eq. (6) (by symmetry, the force exerted by Π in each half plane is half of the total force). If one assumes that the total force by the external environment acting on the system "particles plus interface" is independent of the relative position of the particles (which is a good approximation in actual experimental set-ups), the total force is the sum of the forces on each single particle as if it were isolated:
The deformation field is therefore given asymptotically as
Computation of the integral in Eq. (32) with this field in the limit d → ∞ finally gives
Since F is the lateral force acting on the left particle due to the presence of the right particle, F · e x > 0 -as in the present case -means that the two particles attract each other. This is the force between two point "capillary charges". Actually, the electrostatic analogy allows one to guess the form of this force without computing the integral. Indeed, in what follows we make no use of expression (32) but instead exploit the electrostatic analogy in the line of argument.
If the system is mechanically isolated, the "capillary monopole" Q 0 vanishes. Due to the spherical symmetry of the single-particle configuration, the "capillary charges" of order s > 0 vanish in the limit d → ∞: they are actually "induced" by the presence of a second particle. As a consequence, the correction term δu L in the expansion given in Eq. (33) is not necessarily subdominant if the deformation field is evaluated near the midpoint between the particles, where |r | ∼ d. A model for Π(r ) and a detailed calculation are required in order to obtain Q s (d), δu L , and F . For our present purposes, we qualitatively derive only a bound on how rapidly F decays as function of the separation d.
The presence of a second particle affects the "capillary charge" distribution in two ways. The first one is that spherical symmetry is broken by the half plane geometry. The interaction between the "capillary charges" near the midline cannot be captured reliably by a multipolar expansion; it can be estimated to decay like d −1+2(2−n) because the net "capillary charge" in the region farther than a distance d from one particle is ∼ r >d dA Π ∼ d 2−n and the force between charges decays ∼ d −1 . The second mechanism is the electric field created by the electric charges on the second particle, which decays as
This causes a deviation of the "capillary charge" distribution from the simple superposition of single-particle configurations, Π
(single) . 13, 14 This induces an additional "capillary dipole" 36 which must decay at least like the inducing field E single (d) ∼ d −n/2 . Since the force between dipoles decays ∼ d −3 , the associated dipoledipole force must decay at least ∼ d −3+2(−n/2) . In conclusion, in the case of mechanical isolation the lateral force must decay as function of separation at least like
This force decays in any case more rapidly than the expression given by Eq. (38). The energy approach consists of finding the parametric dependence on d of the free energy V men (d) of the two-particle configuration. This is a "potential of mean force" for the particleparticle interaction,
if the capillary degrees of freedom have been integrated out according to the equilibrium distribution. If the system is not mechanically isolated, the expression in Eq. (38) coincides with the mean force 12 and describes a long-ranged attraction. This conclusion is consistent with the more exhaustive study in Ref. 22 for the special case that the interfacial deformation is small everywhere and gravity is the only source of deformation (i.e., Π = −γu/λ 2 ). We emphasize, however, that the above derivation of F men within the force approach is more general than the derivation found in the literature via the energy approach, because in the former approach the deformation has been required to be small only near the midplane of the particles rather than everywhere. If, however, mechanical isolation holds, it has been shown 13, 14, 19 that F men (d) ∼ d −1−n/2 , which does not agree with any of the possible asymptotic decays indicated in Eq. (39). In order to understand this discrepancy, we recall that by definition F as given above represents the total force acting on the subsystem formed by the particle and the piece of interface enclosed by the contour indicated in Fig. 5 . The work done by this force upon an infinitesimal virtual displacement δd is not related in any simple manner to the change δV men , which according to the definition in Eq. (26) involves the work done by local forces during the rearrangement of the "capillary charges" inside the subsystem, so that F = F men in general. However, if a multipolar expansion is a good approximation to the energy, for this purpose the whole subsystem can be replaced by a point "capillary 2 s -pole", so that the degrees of freedom related to the internal structure of the "capillary pole" are irrelevant and only the separation d and the orientation of the "capillary pole" matter and
and Eq. (38) follows. The reliability of this "multipolar approximation" seems to be related to the validity of the "superposition approximation" 20 employed in the energy approach, which consists of approximating the deformation field u by the sum of the deformation fields induced by each particle in the single-particle configuration. In Ref. 19 it has been shown that this approximation is valid if the system is not mechanically isolated because in that case, asymptotically for d → ∞, the interface-mediated effect of one particle on the other amounts to shift it -together with its surrounding interface -vertically as a whole, i.e., without probing or affecting the "internal structure" of the subsystem "particle plus surrounding interface". In the electrostatic analogy, this means that the energy is dominated asymptotically by the "permanent 2 s -poles" of the single-particle configuration rather than by the ones "induced" in a multiparticle configuration or by the distribution of "capillary charges" near the midline (i.e., in between but far from the particles).
As a further application, we briefly discuss two additional examples. First, we consider the case that the particles are electrically neutral (i.e., Π ≡ 0) but not spherical, so that the interface deformation around them is no longer spherically symmetric even in the singleparticle configuration (for a recent experimental study of this case see Ref. 30) . Under the condition of mechanical isolation, the "capillary monopole" and "capillary dipole" of the single-particle configuration must vanish (i.e., vanishing net force and torque) but in general there will be a "capillary quadrupole" so that according to the electrostatic analogy the lateral force will decay asymptotically as F ∼ d −5 . For F men this agrees with the result derived in Refs. 4,31,37,38, in which the energy approach was applied with the simplifying assumption that the interface deformation is small everywhere. If in addition the particles are electrically charged, a more detailed study is required to determine whether also in this case one has F men ≈ F , i.e., whether the multipolar approximation of V men is reliable.
As a second application, we consider the case that there are more than two particles at the interface and that each has a "permanent capillary pole". For this multiparticle configuration the electrostatic analogy predicts that the lateral forces F are asymptotically pairwise additive. As with the previous example, in general a more detailed study is required to verify this statement for the mean forces F men , although the previous discussions suggest that this is indeed the case either if the particles are electrically neutral (so that Π ≡ 0) or if the "permanent capillary pole" is a monopole (i.e., when the system is not mechanically isolated).
Finally, it is clear that both F , defined in Eq. (31), and F men , defined in Eq. (40), include a contribution due to Π and thus differ from the force acting only on the colloidal particle (the integral over C 0 in Eq. (5)). If one is interested in physical situations in thermal equilibrium, F men does represent the effective force between the particles, i.e., once the capillary degrees of freedom have been integrated out. In this sense, the energy approach has an advantage over the force approach, although, as we have seen, the latter may facilitate or extend the range of validity of the calculations if it can be argued that F ≈ F men . We do not know whether the force approach could be applied to compute F men directly in a feasible way. In dynamical situations out of equilibrium, completely new considerations have to be made concerning, e.g., whether the capillary degrees of freedom can be assumed to have relaxed towards thermal equilibrium in the dynamical time scale of interest. But this discussion lies beyond the scope of the present work.
Conclusions
By applying the force approach we have obtained several new results concerning colloidal particles trapped at a fluid interface.
For the experimentally interesting system of a particle at the interface of a droplet in contact with a plate (Fig. 1) , we find that the presence of the plate breaks mechanical isolation and leads to a logarithmically varying interfacial deformation at distances r from the particle in the intermediate range "particle radius ≪ r ≪ droplet radius", with the amplitude of the logarithm vanishing as the droplet radius tends to infinity. Our approach has put this finitesize effect on a sound basis. Nevertheless, our numerical estimates show that it is very likely that this logarithmically varying deformation is too weak to explain the apparently longranged attraction observed experimentally in Ref. 6 . However, there are still open questions which we have not addressed but which are conceivably relevant for this experiment: we have assumed an electrically neutral system, but if there is a net charge, e.g., if the colloidal particle is charged but the droplet is not grounded, additional, long-ranged electric fields arise. Another interesting question is the loss of rotational symmetry which occurs if the particle is not fixed at the apex of the droplet: this might give rise to an additional force (electrostatic or capillary) pushing the particle towards the apex which, in a multiparticle configuration, could be misinterpreted as an effective attraction present also at a planar interface.
The force approach has allowed us to derive a stress-tensor formulation of the interfacemediated elastic forces for an arbitrary pressure field Π(r). In this manner we have been able to generalize some of the results of Ref. 23 obtained only for a spatially constant pressure field. It is an interesting, open question whether this result is extendible to, e.g., membranes, for which bending rigidity as well as tension are relevant, and to other, more general cases considered in Ref. 23 . From the stress-tensor formulation we have constructed an analogy between small interfacial deformations and 2D electrostatics, encompassing not only the field equation of the deformation but also the elastic forces transmitted by the interface.
Finally, we have exploited the electrostatic analogy to compute the dominant contribution to the interface-mediated force between two particles if they are far apart. This analogy enabled us to clarify the relationship between the energy and the force approach and to find the advantages and limitations of each. The definition of the effective force F , which we have employed in the force approach, differs from the effective force F men introduced in the energy approach, but the difference is negligible if the system is not mechanically isolated: in such a case, the force approach extends the result to the case that the interfacial deformation is not small everywhere and justifies asymptotic pairwise additivity of the force in a multiparticle configuration. If, however, the system is mechanically isolated, the results differ and F men decays more slowly than F as function of the interparticle separation. One must bear in mind that none of the two definitions is the actual force acting only on the colloid, because both take into account the force acting on the surrounding interface. This matters for discussing the dynamics of trapped particles. However, in thermal equilibrium F men is the effective force according to which the equilibrium state of the particles is determined. In this situation, the energy approach, which provides F men , is in principle advantageous, while the force approach is more powerful if it can be shown that F ≈ F men .
Appendix: Torque balance
If a piece of interface S is in equilibrium, the total torque on this piece must vanish. In this case, the following condition must hold (using the same notation as in Eq. (1) 
The expression in curly brackets vanishes because it is a vector orthogonal to e z . In the electrostatic analogy the integral over Π corresponds to the "capillary dipole" P of the piece S. This allows one to rewrite Eq. (42) as
which generalizes Gauss' theorem (Eq. (27)) by expressing the dipole of a region only in terms of the values of the field and its derivatives at the boundary. On the other hand, via the general equilibrium condition in Eq. (41), the right hand side of this equality is related to the torque M bulk due to the bulk force:
The validity of this expression only requires that the deformation is small at the contour ∂S but not inside. 26. This estimate is supported by explicit calculations of Π el = e n · (T
el − T
el ) · e n for realistic models. 25, 35 More precisely, the electric force exerted on the interface is actually concentrated in a small region of area ∼ r 2 0 around the particle, so that one expects T el ∼ γr 3 0 |ε Π |F (r/r 0 ), where F is a dimensionless function of order unity at distances r ∼ r 0 from the particle and decaying ∼ (r 0 /r) n at distances r ∼ R d ≫ r 0 . On this basis, Eq. (18) 32. There is also a dual magnetostatic interpretation in terms of magnetic fields created by currents along the e z -direction: the correspondence is e z u(r ) ↔ A(r ), ∇ × (e z u) ↔ B(r ), γ ↔ 1/µ 0 , e z Π(r ) ↔ j(r ). 36. The net "capillary monopole" of the halfplane must vanish exactly because of mechanical isolation and symmetry reasons. Although the net torque on the whole system also vanishes, symmetry considerations do not exclude in this case that the net torque on one halfplane is opposite to the net torque on the opposite halfplane, so that a "capillary dipole" in one halfplane is possible. 
